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Abstract 

We obtain a large deviation principle describing the small time asymp- 
totics of the solution of a stochastic evolution equation with multiplicative 
noise. Our assumptions are a condition on the linear drift operator that is 
satisfied by generators of analytic semigroups and Lipschitz continuity of 
the nonlinear coefficient functions. Methods originally used by Peszat [S] 
for the small noise asymptotics problem are adapted to solve the small 
time asymptotics problem. The results obtained in this way improve on 
some results of Zhang [S]. 

Keywords Stochastic partial differential equations • small time asymp- 
totics • large deviations 



1 Introduction 

In this paper we obtain a large deviation principle describing the small time 
asymptotics of the mild solution of a stochastic differential equation with Lip- 
schitz continuous drift function F and Lipschitz continuous diffusion function 
G, in a Hilbert space H: 

dX{t) = {AX{t)+F{t,X{t)))dt + G{X{t))dW{t), 
X(0) = xeH. 

In equation ([!]), ^ is a linear operator generating a strongly continuous semi- 
group on H and {W{t))t>o is a cylindrical Wiener process. Peszat ^6] found 
a large deviation principle to solve the corresponding small noise asymptotics 
problem, in which a small positive parameter e multiplies the diffusion function 
G and goes to zero. An important difference between this and the small time 
asymptotics problem is that, after changing variables in the small time asymp- 
totics problem, a parameter e multiplies the drift terms and so one must deal 
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with stochastic convolutions of semigroups depending on e: (5'(ei) := e'^^*)t>o. 
Nevertheless Peszat's methods require little modification to yield a large de- 
viation principle describing the behaviour as e goes to zero of the continuous 
-ff-valued trajectories of {Xx{et))tfr[Q i], where {Xx{t))t>Q is the solution of (P). 

In his pioneering paper [7 , Varadhan studied the small time asymptotics of 
diffusion processes in M" . He obtained a large deviation principle describing the 
small time asymptotics of trajectories by starting from knowledge of the small 
time limiting behaviour of probability densities. 

In the Hilbert space setting, Zhang [5] approached this problem using exponen- 
tial equivalence arguments and obtained a large deviation principle describing 
the small time asymptotics of the mild solution of a stochastic equation with Lip- 
schitz continuous and bounded diffusion function. To deal with the stochastic 
convolution term he assumed that the Hilbert space H is compactly embedded 
in another Hilbert space Hi. Working in the space of continuous Hi-valued 
trajectories, Zhang was able to reduce the small time asymptotics problem to 
the case of zero drift, ^ = and F = Q, where the small noise and small time 
asymptotics problems are equivalent. Zhang's result is a large deviation prin- 
ciple for distributions on the space of continuous ffi-valued trajectories, rather 
than the space of continuous if-valued trajectories. Using Peszat's methods, 
we avoid the need to introduce another Hilbert space corresponding to Zhang's 
Hi and we also show that the large deviation principle holds if the diffusion 
function is not bounded. 

In the next section we present some definitions, formulate our small time asymp- 
totics problem precisely and list our main results. In succeeding sections we 
prove the main results. 

2 Problem formulation and results 

Let {H, (•, •), I • I) and {U, (•, ■)u, \ ■ \u) be separable Hilbert spaces. Let L{H, H) 
denote the space of bounded linear operators on H and L2{U,H) denote the 
space of Hilbert-Schmidt operators from U into H. Unless stated otherwise, we 
write II • II _E for the norm in any Banach space E. Let A : D{A) C H ^ H 
be the infinitesimal generator of a strongly continuous semigroup {S{t))t>o of 
bounded linear operators on H . Set 

M:= sup \\Sit)\\nH,H)- 
te[o,i] 

Let 

F : ([0, 1] X H, 6[oa] ® Bh) ^ (H, Bh) 
be a Borel measurable function and let functions F and 

G : H ^ L2{U.H) 
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satisfy 



\F{t,x) ~ F{t,y)\ < iy{t)\x-y\ Vt G [0, 1] and Va;, y G and (2) 

\F{t,x)\ < v{t){l + \x\) Vt e [0, 1] and Va; e and (3) 

\\Gix) - G{y)h,iUM) < A|x-y| Va:,yei?and (4) 

\\G{x)\\L,iuM) < + yxeH, (5) 

where v : [0, 1] — ^ R is a function in i^([0, 1]; M) and A is a positive real constant. 

Let (il, P) be a probability space and let {J^t)t>o be a right continuous filtra- 
tion of sub (T- algebras of such that all sets in of P measure zero are in J^q. 
Let (gk) be an orthonormal basis of U and let {{l3k{t))t>o) be an independent 
sequence of real valued (J^()-Brownian motions. A cylindrical Wiener process 
on U is defined by the series 

oo 
k=l 

which does not converge in U but converges in an arbitrary Hilbert space Ui 
containing U and such that the embedding 

J -.U ^Ui 

is Hilbert-Schmidt. Whatever our choice of Ui, the distribution of W{1) in Ui 
has reproducing kernel Hilbert space U. We now fix Ui by taking a decreasing 
sequence of positive real numbers (A^) such that J^'kLi ^k ^^'^ defining Ui 
to be the completion of U with the inner product 

OG 

{u,v)ui ■■=^Xl{u,gk)u{v,gk)u for all u, w e C/. (6) 

k=l 

We abuse notation and denote the inner product on Ui still by (•, ■)ui and the 
norm on C/i is denoted by | • | . 

Our aim is to find a large deviation principle describing the small time asymp- 
totics of the mild solution of the initial value problem in ([IJ . The mild solution 
of ID) is the (Jt)-predictable process (-'^a:(i))tG[o,i] ^^'^^ ^^^^ 



P{[ \X,{t)\^ dt < oo} = 1 
Jo 



(7) 



and 



X.^{t) = S{t)x+ [ S{t-s)F{s,X^{s))ds+ [ S{t-s)G{X.^{s))dW{s) P a.e. 
Jo Jo 



for each t g [0, 1]. 



(8) 
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The existence, uniqueness and continuity result underlying this work is Theo- 
rem [18] in the appendix of this paper. 

Specifically, we will find a large deviation principle for the family of distributions 
on the space of continuous functions mapping [0, 1] into H, C([0, 1]; H): 

^ll:■.^C{uJen^{te[0,l]^X^{et){Lu))) :ee(0,l]. (9) 

From equation for each e € (0, 1] and t e [0, 1] we have P a.e. 



X^{et) = S{et)x+ / S{et- s)F{s,X^{s))ds+ / S{et ^ s)G{Xa;{s)) dW{s) 
Jo Jo 

= S{et)x + e f S{e{t-u))Fieu,X^{eu))du + ei f S{e{t ~ u))G(X4eu)) dV'{u), (10) 



where 

V'it) ■.= e-iWiet) m>0 

is a Ui-valued (J"ct)-Wiener process and £(F'^(1)) = £{W{1)). By Proposi- 
tion[T9l for each e G (0, 1] the continuous (J"t)-predictable process {X^{t))t(z[o,i] 
satisfying the equation 



Xl{t) = S{€t)x+€ S(e{t-u))F{eu,Xl{u))du+e^ / S{e{t-u))G{Xl{u)) dW{u) 
Jo Jo 

(11) 

P a.e. for each t G [0, 1] also has the distribution fi^ in trajectory space. Thus for 
each e G (0, 1] we consider the process {X^{t))t£[o^i], which is the mild solution 
of the problem 

dX'{t) ^ {eAX''{t) + eF{et,X''{t)))dt + eiG{X'{t))dW{t) 
X'{0) = X 

and we define the corresponding trajectory-valued random variable X^ : — >■ 
C([0,l];i?)by 

X'Ju):={te[0,l]^X',{t){oj)) Vuen. (12) 



Recall that {n^. : e e (0, 1]} is said to satisfy a large deviation principle with 
good rate function : C([0, 1];H) — t- [0,oo] if Ix has compact level set {u £ 
C([0, 1]; H) : Xx{u) < r} for each positive real r and 

(i) lim inf e In (O) > — inf Xc(u) for open subsets O of C([0, 1]; i/) and 

(ii) lim sup e In /i|(C) < — inf Ix{u) for closed subsets C of C{[Q. 1\;H). 

t^o "ec 

We will use Freidlin's and Wentzell's (see [U Theorem 3.3 on page 85] or [3l 
Proposition 12.2]) equivalent formulations of the lower bound condition, (i). 



4 



and the upper bound condition, (ii). Before stating these, we introduce some 
more notation. 

If {E, II • We) is a Banach space and a; is a point in E then we denote the open 
ball in E centred at x and of radius r > by Be{x, r) :— {e ^ E : \\e~ x\\e < t"} 
and if D is a subset of E then we define BE{D,r) := Ux£DBE{x,r). 
Freidlin and Wentzell showed that (i) and (ii) are, respectively, equivalent to: 

(z) for each u e C([0, 1]; H) and (5 > and 7 > 0, there exists eq > such that 

^^(i?c([o,i];g)("7'^)) > exp ^ ^a(^) — 7~j for all < e < eo and 
{ii) for each r > and 5 > and 7 > 0, there exists eo > such that 



IJ''x{Bc{[Qs];H){{1x <r},5)) > l-exp( I 



for all < e < eo. 



For each square integrable ?7- valued function (f> G L^{[0, 1]; U) and x G H we 
denote by the function in C([0, 1]; H) such that 

zt{t) = x+ I G{zt{s))4>{s) ds Vie [0,1]. 



For each x G H we define the prospective rate function : ^([0, 1]; H) [0, cxi] 
by 

T:r(w) := ^inf 1^ \'iI;{s)\Ij ds : £ {[0,1]; U) and u = z^^ (13) 

for all u £ C([0,l];iJ); here we take inf0 = 00. We will prove the following 
theorem in Section |31 it verifies that for each x £ H the function is well 
defined and a good rate function. 

Theorem 1 1. Given (p G L^{[0,l];U) and x £ H , zf is well defined; that 
is, there is a unique function u £ C([0, 1]; H) such that 

u{t) = x+ [ G{u{s))(l){s) ds Vie [0,1]. 







2. For fixed u € C([0, 1]; H) the linear operator 



ip e L^{[0,1];U)^ [t^ I G{u{s))i'{s)ds] eC{[0,l];H) 
is compact. 







3. Let B C L'^{[0,1];U) be weakly sequentially compact and let K <Z H be 
compact. Then the set 

C :~ {u G C{[Q, 1]; H) : u — z^ for some (J) £ B and some x G K} 

is compact. In particular {T^ < r} is compact for any x Cz H and any 
r € (0, 00) because the closed ball {(J) G i^([0, 1]; U) : ||</'||l2qo,i];C/) ^ V^} 
is weakly sequentially compact. 
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For each natural number n let n„ : f/ — > f/ be the orthogonal projection of U 
onto the span of {gi, . . . , (7„}: 

n 

In our proof of the upper bound of the large deviation principle we use the fact 
that n„ can be written in terms of the bounded linear operator from Ui into U: 

n 

^l,u:^^X^^{u,Jgk)ui9k Vm G C/i. 

k=l 

We have UnJx — IlnX for all x G C/, which follows from the definition of Ui. 
The identity operator on any Banach space E is denoted by Ie- We can now 
state two additional assumptions (Al) and (A2) on G and {S{t))t>o, respec- 
tively, which will only be used in the proof of the upper bound of the large 
deviation principle. 
(Al) For each r G (0, oo) 

sup ||G'(/i)(/[/ - n„)||L,(c/.^f) -> as n ^ oo. 

h£BH{0.r) 

(A2) For each a G (0, 1] the family of functions in L{H, H) with the norm 
topology: 

{te[a,l]^^ S{et)eL{H,H) :eG(0,l]} 
is uniformly equicontinuous. 

Assumption (Al) is true when G is of the form G{x) — Gi{x)B Vx G H, where 
i? is a constant operator in L2{U,U) and Gi : H ^ L{U, H) is bounded on 
bounded subsets of H. 

Assumption (A2) is true when {S{t))t>o is an analytic semigroup. Then there is 
a positive real constant c such that || AS'(t)||i(//^/f) < | for all t G (0, 1] (see [3 
Theorem 5.2 in chapter 2]) and consequently \\S{t) — S{r)\\L(HM) ^ cln(^) 
for all t,r G (0, 1]. We remark that in the small noise asymptotics paper [5] 
Peszat only needed to assume that {S{t))t>Q is continuous on (0, oo) in the 
norm topology. 

Our two main theorems are the following. 

Theorem 2 Let K be a compact subset of H and let (f) G L^([0, 1]; J7). Let 
S > and 7 > 0. There exists eo > such that for all x G K and for all 

e G (0,eo] 

p [-p^ \xm - 4m < ^} > exp j^zMLMi^ j . 
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Theorem 3 Assume that (Al) and (A2) hold. Let K be a compact subset of 
H . Let r > and S > and 7 > 0. There exists eq > such that for all x € K 
and for all e G (0, eo] 

P{X^ ^ Bci[o,i];H)i{I. < r}, S)} < exp 

The following result follows immediately from these theorems. 

Corollary 4 Assume that (Al) and (A2) hold. Let x E H. The family of 
distributions {fj,^^ : e G (0, 1]} defined in equation satisfies a large deviation 
principle with rate function . 

Proof. When K = {x} Theorem [2] implies the Freidlin-Wentzell formulation of 
the lower bound of the large deviation principle of = ^J-% : e € (0, 1]} 

with rate function and Theorem [3] is the corresponding upper bound. | 

We will show in Section |4] that if Theorems [2] and [3] hold for bounded diffusion 
functions G . H —?' L2{U, H) then the theorems also hold when the function G 
is not bounded. Section [5] presents some important inequalities from Peszat's 
paper [6] , which are used to prove Theorems [2] and |3] in the case of bounded G 
in Sections [6] and [71 




3 The rate function 

In this section we prove Theorem [1] Since G is a Lipschitz continuous func- 
tion, the proof of Theorem [TJl) is a straightforward application of Banach's 
contraction mapping theorem and is omitted. 

Proof of Theorem [T](2). This proof follows the lines of the proof of [31 
Proposition 8.4]. Let u E C([0, 1]; H). We want to show that the map 

ip E L^{[0, 1]; (^"^ G(u{s))i^{s) ds^ E C([0, 1];H) 

is a compact linear operator. We will show that an arbitrary bounded sequence 
(tpn) in ^^([0, 1]; U) is mapped to a sequence in C([0, 1]; i?) with a convergent 
subsequence. 

Set r := sup„gpj || V'n||L2([o.i];(7) < 00. For n G N and < t < s < 1 we have 



< r sup \\G{u{a))\\L^(_i,^H)Vs - t. 
o-e[04] 

Thus the family of functions 

\t E [0, 1] ^ G{u{s))^l}n{s) dsEH : n G N 




G{u{(j))iin{(T) da 
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is uniformly equicontinuous. We will show that there is a subsequence of the 
sequence of continuous functions 



te[0,l]^ / G{u{s))tl;ri{s) ds e H 
Jo 

which converges pointwise on a dense subset of [0, 1]; then, as this subsequence 
is uniformly equicontinuous, it is Cauchy in C([0, 1]; H) and we will be done. 
For each t e (0, 1] define the linear operator At : -^^^([0, 1];U) ^ H by 

Atij^ f G{u{s))ij{s) ds , ^ e L^{[0,1];U). 
Jo 

One can show by direct computation that for each t G (0, 1] At is Hilbert- 
Schmidt. For each ti € (0, 1] n Q, since At^ is a compact operator, the set 
{At-^Jn ■ n e N} is relatively compact in H. We can apply the diagonal 
argument to the sequence of sequences 

At^ipi At^ip2 At^ips At^ipA ■■■ 
At^ipi At^i!2 At^ips At^ipi ■■■ 

Atii^i At^ip2 At.ips. A,i>4 ■■■ 



to conclude that there is a strictly increasing sequence of natural numbers (uk) 
such that 

lim At^ipuk exists for each i g N. | 

Proof of Theorem[l](3). Let B C L^{[0, 1]; U) be weakly sequentially compact 
and let if C be compact. We want to show that 

C :— {u € C([0, 1]; H) : u — for some (f> £ B and some x € K} 

is compact. Weak sequential compactness of B implies that B is bounded. 
Hence 

q := sup{||i/)||l2([o,i];C/) ■ ip e B} 

is finite. Let (m„) be a sequence of elements of C. For each n S N there is 
(pn & B and Xn & K such that u„ = z^^. By compactness of K and weak 
sequential compactness of B, there is a strictly increasing sequence of natural 
numbers (rifc) and there are vectors x € K and (p € B such that Xn^. converges 
to a; in 7? and converges to (p in the weak topology of L^([0, 1]; U) as k goes 



to infinity. We claim that 
Lemma we have 



w as fc — > oo. Indeed by Gronwall's 



sup \u{t)-Unkit)\ < \x-Xnk\+ SUp 

te[o,i] V re[o,i] 



G(«(,s))(0(s)-0„Js))ds 



exp(Ag) 
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for each fc G N and the right hand side of the above inequality goes to zero as 
fc — )■ (X) because of compactness of the Hnear operator 



ijj e {[0,1]; U)^ [t^ J G{u{s))i;{s)dsj gC{[0,1];H). | 

4 Reducing the problem to the case of bounded 
G 

In this section we show that if Theorems [5] and [3] hold under the additional 
assumption that the function G : — > L2{U, H) is bounded then they hold also 
for G which is not bounded. This idea is copied from Cerrai and Rockner [Tl 
Theorem 6.4]. 

For each R e (0, oo) define Gr: H ^ L2{U, H) by 

r G{x) if |.t| < R 

it is straightforward to show that sup^.^^ ||G_R(a:)||L.^([/_^f) < oo and that in- 
equalities dl]) and ([5]) also hold with Gr in place of G. For each x £ H and 
R G (0, oo) define Ir,^ : C([0, 1];H) [0, oo] by 

iinf |/q |0(s)|2,ds : (f>e L^iO, I]; U) 'And u{t) =x + J^GR{u{s))<j>{s)ds Vie [0,1]} 
for all u G G{[0, 1]; H); here we take inf = oo. 

For each x e H, R e (0,oo) and e G (0,1] define {X^^^^Jt) : {n,Tt) -> 
{H,BH))te[o,i] to be the continuous (J^t)-predictable process satisfying 

Xl,,,it) ^ Siet)x+e f Sie{t~s))Fies,XI, Js))ds+ei fs{e{t^s))GR{XI,Js))dW{s) 
Jo Jo 

(14) 

P a.e. for each t G [0, 1] and let X^ ^ : 17 ^'([0, 1]; H) be the corresponding 
trajectory- valued random variable: 

XI, Ju;):^{t^XI,Jt){u:)) Vco e ft. 

Recall that wc defined {X^{t))t(z[o_i] and X^ in equations (fTTI) and (fT2)) . 

Lemma 5 Let p G (0, oo). Given r G (0,oo) anc? d G (0,oo) t/iere exists R G 
(0, oo) SMc/i i/iai 

1. for each x G 5^(0, p) 

{li?,. < r} = {I, < r} 

and 
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2. for each x G Bh{0, p) and for each e G (0, 1] 

P{K G i?C([04];H)({^. < r},6)} = G Bc([o,i];i/) ({I. < n,^)}- 

Proof. Let r > and (5 > 0. Set 

R:={p + KV2?) exp(AV27) + 5. (15) 

Let a; G Bh{0,p)- 

We firstly prove part (1). 

Suppose u G C([0,l];i?) and Ixiu) < r. Then there exists cp G L2([0,1];[/) 
such that ||^||l2([o, !];(/) < a/St and 

u{t)=x+ [ G{u{s)) (l){s) ds ViG[0,l]. (16) 
Jo 

Taking the norm of both sides of this equation and applying Gronwall's Lemma 
gives 

sup < (p + AV2^)exp(A%/27). (17) 

tG[0,l] 

Since G{x) = Gii{x) for all x G Bh{0, R), ([TT]) implies that u satisfies 

u{t)=x+ [ GR{u{s))(l){s)ds VtG[0, 1] 
Jo 

and Ir^x{u) < ^ ds < r. We have shown that {I^ <r}(Z {Ir^x < r} 

and the reverse inclusion is proved in a similar way. 

We now prove part (2). Let e G (0, 1]. 
Define the (J^t)-stopping time 

riio) := inf{i G [0, 1] : |X^(i)(c.)| > i?} , u; e 

where we take t{ll!) = 1 if |Ar|(t)(cj)| < R for all t G [0, 1]. By our choice of R 
and inequality (jl7l) we have 

Bc{[0,l];H){{^x < r}, 5) C Bc(^[OA];H){0,R)- 

Thus we can tell if the trajectory X^{uj) lies in Bc{[o.i];H){{^x < r}, S) by 
observing the trajectory just up to time t{uj); also for P a.e. w G we have 
suPte[o,.(..)] \Xmi^)\ < R and if t{u:) < 1 then |X^(T(a.))(^)| = R. 
Let t G (0,1]. We have 

Xl{t) = S{et)x+e I S{e{t-s))F{es,X'^{s))ds+e^ f S{e{t~s))G{X'^{s)) dW{s) P a.e.. 
Jo Jo 
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Multiplying both sides of this equation by the indicator of the stochastic interval 
[0, r] we have 

l[o,.](<)X^(i) = l[o,r]it)S{et)x + l[o,r]it)e f S{e{t~s))Fies,l[o.r]{s)X'^{s))ds + 

Jo 

pt/\T 

l[o,r]WeM l[o,t]{s)S{e{t~s))G{X',{s))dW{s) P a.e. 
Jo 

= l[o,r]{t)Siet)x + l[o,r]{t)e [ S{e{t-s))F{es,l[o.r]{s)X',{s))ds + 

Jo 

l[o,r]{t)e-- I l[o,.](s)l[o.t](s)5(e(t-s))Gj^(l[o,,](s)X^(s))dM/(s) 
Jo 

P a.e.. 

From (fT4|) we can obtain a similar equality for l\Q .,-^{t)X1^ ,-^{t) . Therefore 
l[o,.](t)(X^(t)-X|^,,(<)) = 

l[o,r]{t)t f Sieit - s))[F(es, l[o,,] (s)X^ (s)) - F{es, l[o.r]is)XI,J.s))]ds + 
Jo 

l[o,r]it)e^ I l[o.r](s)5(e(t - s))[Gfl(l[o,.](s)X^(s)) - Gii(l[o,r](s)X|j,,(s))] dW{s) 
Jo 

P a.e.. 

By Theorem [18] we have 

sup E [\X^{u)\^] < oo and sup E [iXj^ ^{u)\^] < oo. 
ue[o,i] ue[o.i] 

Thus, taking norms on both sides of equation (llSp . then squaring both sides 
and taking expectations, we obtain 

E[m,^,^{t){XUt)-XI,Jt))\^] 

< 2eM'iJ^' i^^i-s) ds + A2) /g* E [|l[o,.i(s)(X^(s) - rfs for each t e [0, 1]. 

By Gronwall's Lemma it follows that 

l[o,.](<)X^(t) - l[o,r](<)^fl,.W Vt e [0, 1] P a.e.. 
We conclude that for P a.e. w G fi, 

1. if T{io) = 1 then = Xl^^^iuj) and 

2. if riuj) < 1 then |X^(r(a;))(Lj)| = |X|j^^(r(a;))(w)| = i? and trajectories 
X^(oj) and .^(w) do not belong to Bc(io,i];H){{Ix < r}, 6). 

Thus 
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Given x G H and (f> G i^([0, 1]; U) and i? > we denote by ^ the function 
u G C([0, 1]; if) such that u{t) = x + J* GR{u{s))(j){s) ds for aU t £ [0, 1]; recall 
that is the function v S C([0, 1]; i?) such that = x + /J G(u(s))(/)(s) ds 
for all t G [0,1]. The proof of the next lemma is similar to that of Lemma [5] and 
is omitted. 

Lemma 6 Let K C H be compact. Given cj) £ L'^{[0,1];U) and 6 > there 
exists R > such that: 

1. for all X £ K we have 
and 

2. for all X £ K and all e £ (0, 1] we have 

Lemmas [S] and ini have the foUowing important coroUaries. 

Corollary 7 Suppose that Theorem holds under the additional assumption 
that the diffusion function G : H ^ L2{U, H) is hounded. Then it also holds if 
the function G is not hounded. 

Corollary 8 Suppose that Theorem holds under the additional assumption 
that the diffusion function G : H ^ L2{U,H) is hounded. Then it also holds if 
the function G is not hounded. 

Thanks to Corollaries [7] and |8] our task reduces to proving Theorems [2] and [3] 
under the additional assumption: 

(A3) the function G : H ^ L2{U,H) is bounded, that is: 

sup \\G{x)\\l^(^u.h) < oo. 

5 Exponential bounds 

To prove Theorems [5] and |3] in the case of bounded G we shall need some 
exponential tail estimates for stochastic integrals and stochastic convolutions 
due to Chow and Menaldi [5] and Peszat [B]. The formulations we present 
without proof are Peszat 's [6]. 

Let Vi denote the (Jt)-predictable cr-algebra of [0,1] x i}. Let : ([0,1] x 
^,Vi) — >■ {L2{U,H),Bl2{u,h)) be a measurable function. 

Theorem 9 (Chovif's and Menaldi's bound for stochastic integrals) If there 
exists a positive real number rji such that 

/ U{s)\\l,jjjj.ds<r^i P a.e. 
Jo 
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then for any S > 









< sup 






[te[o,i] 


Jo 





4?7i 

Theorem 10 (Peszat's bound for stochastic convolutions) Let {T{t)) be 
a strongly continuous semigroup of bounded linear operators on H. Suppose 
ao G (0, ^) and po > 1 are such that 



// there exists a positive real number 772 such that 

sup / (t-.s)-2""||r(i-,s)eGs)||i,(t;.^)rfs<772 Pa.c. 

then the process {j^T{t — s)£^{s) dW{s))i^^Q i^ has a continuous version in H 
and for any 5 > 



1 sup 


L 


[te[o,i] 





T{t- s)i(s)dW{s) 



>5)< Ccxp 



J2 



where C — A + exp(4no!) "o and uq 



Po 



2po-2 



In the proof of Theorem|3]we also use a large deviation principle associated with 
the trajectory- valued random variable W : (r2,J^, P) — )■ (C([0, 1]; t/i), ;Bc([o,i];C/i)) 
defined by 

W{io) := {t e [0, 1] h-> W{t){Lo) e Ui) e n. 

As shown in [51 Theorem 1 in Section 6.2], the distribution of W is symmetric 
Gaussian and its reproducing kernel Hilbert space is 



\y\ \ H\\r ' 



Hw |< e [0, 1] J J ipis) ds : tpe £^([0, 1]; U) 

with norm || • \\hw defined by 

\i;{s)\lds : e L^{[0,1];U) a.ndy{t) = J [ i!{s)ds Vie [0,1]. 

Jo 

Thus, by [31 Theorem 12.7], the family of Gaussian measures 

{Cie^W : {n,T,P)^{Ci[0,l];Ui),Bcaosm))) ■ e e [0,1]} 

satisfies a large deviation principle with rate function : C([0, 1]; t/i) — [0, 00] 
defined by 



Iwif) 



00 a f Hw 



(19) 
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6 The lower bound 



In this section we prove Theorem [2] under the additional assumption (A3). 
Proof of Theorem [2] assuming (A3). Let K C H he compact and fix 
e L^{[0, 1]; U). Recall that for each x € K z;^ € C([0, 1]]H) satisfies 

zt(t) = x+ I G{zt(s))(l)(s) ds Vte[0,l]. 



Fix 6 > Q and 7 > 0. For each e e (0, 1] define the process {W\t) : {ft,J^t) 
(C/i,Sc/J)te[o,i] by 



W^t) ::^W{t) ~ e-^J (f>{s)ds Vi G [0, 1] 



(20) 



By [21 Theorem 10.14] (W^'^(i))tG[o,i] is a Wiener process with respect to filtration 
(J-j) on probability space (fi, J^, P') where 



dP^(a;) = exp £-5 / {(f){s), ■)u dW{s){u) 



\4>is)\lds] dPiu) (21) 



2e 

and P"(Ty'(l))-i = P(M/^(l))^i. 

Taking the reciprocal of the Radon-Nikodym derivative in equation ()2ip and 
using Lemma [20I to replace the Ito integral on the right hand side by one with 
respect to (W^'(i))te[o,i]: 

\cj)is), ■)u dW'{s) = [\cj){s), ■)u dW[s) - e-i f \c^{s)\l ds a.e., 
Jo "'0 



we have 

dP{uj) = exp ^— 
To shorten notation, for each x £ K and each e G (0,1] set 



J\cb{s), ■)u dW^{s){u;) - 1 \cl^{s)\l ds^ dP^oj). 



A{e,x) := luoen-. su^ \Xl{t){uj)-zt{t)\<5\ and 
I te[o,i] I 



X>(e) := lujcVL 



/ {(i3{t),-)udW'{t){uj) 




< 



7 



We have 
P{A{e,x)) 



exp(^-e-5^ {c^{s),.)udW'{s)-l-J^ \cf>{s)\ 



I ds 1 dP^ 



1 



> j^^ U(e..)nP(e) exp {^(s), ■)u dW'{s) ~ - \(t>{s)\tj ds ] dP' 

> exp (^-^ - 1 |(/.(s)|2, ds^ P^{A{e, x) n 15(e)). 
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It remains to show that there exists eo > such that P^(^(e,x) n I'(e)) > 
exp(— ^) for ah x £ K and for ah e G (0, eo]. We wih actuahy show something 
more: P^{A{e,xY U 'D{eY) ^0 as e — > uniformly \a x £ K. 
Let e e (0, 1] and let x e H. 
For each t e (0, 1] we have 

\xm~4{t)\ 

S{et)x ~x + e [ S{e{t - s)){F{es, X^(s)) - F(es, z^{s))) ds 



+ e / S{e{t- s))F{es,z^{s))ds 
Jo 

+ I S{e{t-s)){G{Xl{s))-G{zt{s)ms)ds 
Jo 

+ [ iSie{t-s))-lH)Giztisms)ds 

S{e{t - s))G(X:(s)) dW{s) - e-i 5(e(t - s))G(X:(s))0(s) ds 
< sup \S{r)x-x\+eM f i^{es)\X'^{s) - zt{s)\ ds 
+ eM f\{es){l + \zt{s)\)ds 



+ MA / \X^As) - zt{s)Ms)\u ds 



+ snpiWiSir) ~ lH)GizUmL.iU.H) ■■re[0,e], s G [0, 1]} / \<j^{s)\tj ds 



sup e 2 

rG[0,l] 



^(e(r-s))G(X^(s))dT^^(s) 



a.e. 



(22) 



The last term on the right of ([2^ is obtained by applying Lemma [501 Squaring 
both sides of inequality (|22p and applying Gronwall's Lemma we have 

sup \X^,{t)~ztit)\^ 
te[o.i] 



< 6 



sup \S{r)x - x\^ + eM\J^ ,^^{s) ds) (1 + |z|(s)|)2 ds + 

re[0,t] 



sup{||(5(r)-/^)G(zf(s))|U,(c/,H) :re[0,e], se[0,l]r / |0(5)|^yds + 

2' 



sup 

re[0,l] 



5(e(r-.))G(X^(s))dW^^(s) 



X exp 6M 



iy^{s)ds + A^ \(t){s)\fjds]] a.e.. (23) 
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Since K is compact, there exists ei > such that for &\\ x d K and for all 
e € (0, ei] we have 

P^{ sup \Xl{t)-zt{t)\>5} 
te[o,i] 

< sup \rs{€{r-s))G{Xl{s))dW'{s)\>— I 

Vre[o,i] I-'" ' " - 3e3exp(3Af2(J^V2(s)ds + A2/o'|(/.(s)|2,ds))J 

Since we are assuming (A3), we can apply Peszat's tail estimate from Theo- 
rem [TU] to the term on the right hand side of (|24p . Thus for a\\ x ^ K and for 
all e G (0, ei] we have 

P\A{t,xY) < Ciexp(^^) (25) 
-> as e -> 0, 

where the numbers Ci and Ki in Peszat's exponential estimate (|25p are positive 
real constants that do not depend on e or on a; . 
We also have from Theorem [9l 

P'{V{ef) ase^O. | 



7 The upper bound 

In this section we assume that (A3) holds and we prove Theorem [3] using the 
following proposition. 

Proposition 11 Let K C H be compact. Given a > and 5 > and cj) G 
L^([0, 1]; U) there exists eg > and b > such that for all e € (0, ep] and for all 
x € K we have 



P sup mt) 
I te[o,i] 



z^{t)\>5, sup 
te[o,i] 



e-^Wit) - J 



(s) ds 



< b> < exp 



Ui 



The virtue of this proposition is that given positive 6 the exponential bound 
on the right hand side has a, which we can choose to be as large as we please, 
in the numerator; the cost is the restriction on e^W, but we have the large 
deviation principle of {C{e^W) : e G (0, 1]} to describe how these distributions 
behave. There is some work involved in arriving at the proof of Proposition [Tl] 
and this is left till the end. We only remark that we need several lemmas which 
use assumptions (Al), (A2) and (A3). 

Proof of Theorem [3] assuming (A3). This proof is almost identical to that 
of Peszat's Theorem 1.3 in [6,; we give all the details because of its importance. 
Let isT be a compact subset of H. Fix r > and 6 > and 7 > 0. Let a 
be a positive real number, to be specified later. By Proposition [11] for each 
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(j) S i^([0, 1]; U) there exists 6^ > and > such that for all e G (0, e^] and 
for all a; S if we have 



P{ sup \Xl{t)-zt{t)\>5, sup 
[te[04] te[oa] 



e2iy(i) - J / (/)(s)ds 



< 60 > < exp 



(26) 

Recall from equation ([T^ that Ivf is the rate function of the large deviation 
principle satisfied by {C{t^W) : e G (0, 1]}. We have 

{Xw<r} = (mG C([0,l];f/i) : u(t) = J / Vte[0,l], 



where 



V'ei'([0,l];f/) and / \^{s)\ 
Jo 



fjds <2r 



C 



u 



sup 


- J / -0(s)ds 


< 6v f 


te[o,i] 


^0 


C/i J 



i/.e-L^([0,l]:;7): ^ 
t^(s)|?,ds<2r 

Since {Iw < r} is a compact subset of C([0, 1]; t/i), there exists a natural 
number I and . . . ,(f)i G L^([0,l];t/) such that \(j)j{s)\fj ds < 2r for each 
j and 



{2:w<r}c y <^weC([0,l];[/i) : sup^ 



For each x £ H we may appeal to the definition of C in p7p and write 
P{X^,iBcao,ihH){{:^.<r},S)} 



sup 


u(t) — J 't'jis) ds 


< 60, I =: C 


te[o,i] 


Jq 


Ui J 



(27) 



< ^Pixi. ^i?c([oa];H)({^. <r}, 5), sup 



t(E[0,l] 







e^VF(t) -j[ (t>j{s)ds 




Jo 


Ui J 



P{e^W i C}. 



(28) 



Set ei := minje^^ ,...,60,}. For each j G {1, . . . , Z} we have from inequality ([26 
that for all e e (0, ei] and for b!A x ^ K 



P^X^^i?C([0.1];i/)({^-<^}>'5)> sup 
I tG[0,l] 



< exp ( — 



t^W{t) - J / (l)j{s)ds 



(29) 



Since the open set C contains {Tw < r}, by the upper bound of the large 
deviation principle of the family {C{e2W) : e G (0, 1]} there exists 62 > such 
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that for all e S (0, £2] 

P{eiw iC} < cxp (^ ^^^^ ^ ■ (30) 

Set €3 := ei A e2. Returning to inequality ([28]), we have for all a; G if and for 

aU e e (0, £3] 

P{X'^iBcaoA]-H)i{Ix<r},S)} < ;cxp(-^)+cxp 

< + 1) exp 

when a is taken as r — ^ . 
Finally set eo £3 A 2h7^. | 

Now we work towards proving Proposition [TTJ In the following we make use of 
(A3): 

r := sup \\G{x)\\l^{u,h) < 00, 
xeH 

as well as (Al) and (A2). 

Fix e L2([0, 1]; U). For each e e (0, 1] define I; : ([0, 1] x H,B[o 1] ® S^) ^ 
(ff,SH)by 

F^is,x) := eF{es,x) + G{x)(t){s) Vs € [0, 1] and Va; G iJ. (31) 
It is not difhcult to show that, for each e G (0, 1], is measurable and 

\F,is,x)-F,is,y)\<iy,i.s)\x-y\ Vx, y G if and Vs £ [0, 1] (32) 

and 

|Fe(s,x)| < z^e(s)(l + |2:|) Vs € [0, 1] and Vic G ff, (33) 
where i^e(s) := ei/(es) + A|(/)(s)|(7, s e [0, 1], is a function in £^([0, 1]; M). 

By Theorem [T8l for each e e (0, 1] and each x ^ H we may define (^^(i))te[o,i] 
as the continuous (J^t)-predictable process such that 

Z^^it) = S{et)x+ f S{e{t~s))F,{s,Zl{s))ds + e^ f S{e{t-s))G{Zl{s))dW(s) 
Jo Jo 

(34) 

for all t e [0,1], P a.e.. To prove Proposition [TT] we will need some lemmas 
concerning the processes (^^(i))te[o,i] ■ Lemmas fT2l to [T6l are ultimately used to 
prove Proposition 1171 Proposition 1171 in turn, is used to prove Proposition [TTJ 
The one point in these lemmas where there is a difference from Peszat's methods 
worth remarking on is in Lemma[Tni where we use the equicontinuity assumption 
(A2) to control the size of one of the terms arising in the proof; Peszat's proof 
of the corresponding small noise asymptotics lemma (6( Lemma 6.4] uses only 
continuity in the norm topology of t € (0,oo) t-^ S{t). For this reason, except 
for brief comments, we omit the proofs of Lemmas \TI\ to [T51 
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Lemma 12 Given a G (0, oo) and R G (0, oo) there exists D G (0, cxi) such that 
for all e € (0, 1] and for all x £ Bh{0, R) we have 



P{ sup |Z:(i)|>Z?}<exp(--). 



tG[04] 

To prove this lemma we firstly use Gronwall's Lemma; then, thanks to assump- 
tion (A3), we can use Theorem 1101 to get an exponential bound. 

We introduce some notation. Set 

tn,k-=^ forneNandfc = 0,l,...,2". 

We will be approximating Z^{t) using the values at the discrete times tn_k- 

Lemma 13 Given a > and S > there is a natural number N such that for 
each n> N there exists e„ > such that for all e € (0, e„] and for all x G H we 
have 



P- 



sup 



sup 



S{e{t - s))G{Zf,{s)) dW{s)\ > (5 i < exp ( 



The proof of this lemma uses Theorem [10] to get an exponential bound. 

To simplify notation, for each natural number n define the function 

fc = 0,l,...,2"-l 



7r„(<) 



if < = 0. 



Lemma 14 Let R > 0. Given a > and S > there is a natural number uq 
such that for each n > uq there exists e„ > such that for all e e (0, e„] and for 
all X e Bh{0,R) 

P{ sup l^^(i) - S{e{t - MmZ^Mt))\ >S}< exp (--) . 
te[o,i] ^ e/ 

This lemma is proved using Lemmas 1121 and 1131 



Lemma 15 Let R > 0. Given a > and S > there is a natural number Uq 
such that for each n > uq there exists e„ > such that for all e G (0, e„] and for 
all X e Bh{0, R) and for all T e [0, 1] we have 



S{e{T-s))G{Z^,{s))dW{s) 









1. 







S{e{T-s))G{S{eis - 7r,,{s))) Z^Ms))) dW (s] 



< exp 



>5 
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In the proof of Lemma (TS] we use the right continuity of the filtration [Ft ) ; it 
ensures that for given x S Bh{0, R), n e N and e € (0, 1] the random variable 

Tpiij) := inf{i e [0, 1] : - S{e{t - 7r„(i)))^^(7r„(t))(c^)| > p}, cue n, 

where we set inf = 1, is a (J^t)-stopping time for any positive p. Introducing 
Tp enables the use of Theorem ^ together with Lemma [U in the proof. 

Lemma 16 Given a > and S > and < Ti < T2 < 1 and R > there 
exists b > and there exists eq G (0, 1] such that for each x G -B_ff (0, R) and for 
each e G (0, eq] 

P{\ei [ ' S{e{T2-s))G{S{e{s~Ti))Z'^{Ti))dW{s)\>S, sup ei\W{t)\u, < b} 

JTi Ti<t<T2 



< exp 




Proof. Recall that (gk) is an orthonormal basis of U and for each n G N we 
define the projection in U : 

n 
k=l 

In the course of this proof we choose numbers D G (0, 00), n G N, Ti < Ti < 
T2 < T2 and a partition Ti = to < < • • • < = ^2 as well as 6 G (0, od) in 
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order to control the size of the five terms on the right hand side of the inequaUty 



P{e-^\ Sie{T2~s))G{S{e{s~T,))Z'jT,))dW{s)\>6, sup e-- \W {t)\u, < b} 

JTi te[Ti,T2] 

< P{\Z^,{T,)\>D} 

+ P{ £5 1 ^ ' 5(e(T2 - .s))G{S{eis - T,))Zl{T,)){Iu - n„) dW{s) \ > |, \Z^,{T,)\ < D} 



Ti 



S(e{T2 - s))G{S{e{s - ri))Z^ (ri))n„ dW{s) + 



Ti 



T2 



S{e(T2 - s))G{S{e{s - Ti))Z^(ri))n„ dW{s) 



> 



T2 



Ti 



S{e{T2 - s))G{S{e{s - Ti))Z'^{Ti))Un dW{s) 



T2 



i=o 



- 4' 
\Z^AT^)\<D 



+ P\^^\ C E lfe,t,+,](s)^(e(T2 - tj))G{S{e{t, - Ti))Z^(Ti))n„ | > - 



sup t^\W{t)\u,<b 
te[Ti,T2] 



= term 1 + term 2 + term 3 + term 4 + term 5. 
Let a > a. 

By Lemma [T^ we can take D G (0, 00) such that for all x G Bh{0,R) and for 
aU e e (0, 1] 

term 1 := P{|Z^(Ti)| > Z)} < exp ( -- ) . (36) 



Let a; G Bh{0,R) and e G (0, 1]. Define the (J't)-stopping time 

" Ti if |z|(ri)H| 



1 otherwise. 



(37) 



(35) 
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Wc have 
term 2 



:= P{ |e5 ^ ' S{e{T2 - s))G{S{e{s - T^))Zl{T,)){Iu - n„) dW{s)\ > ^, \Z^,{T,)\ < D } 

< P\ sup |eW l^rumis)S{e{T2^s))G{S{e{s-T,))Z^,{T^)){Iu~U„)dW{.s)\> 
iefo.il JO 



*e[o,i] -^0 
\ZUTi)\<D 

Since 

' el[o,.,..](s)l(T,,T.](s)||^(e(T2 - .s))G(5(e(s - T,))Z^^{T,)){Iu - n„)|li,(r/,i/) 
< sup ||G(/^)(/[7-n„)||i^(c,^) Pa.e., 

hi^B„(G,MD) 

Theorem [5] yields an estimate of the term on the right hand side of inequal- 
ity ([38]): 

/ 5^ \ 

term 2 < 3 exp 







646M2 sup,gB„(o,,,M) WCmiu - n„)||2 



By assumption (Al) we can now choose n G N such that 

term 2 < exp ^-^^ Vx £ ^^(0, i?) and Ve e (0, 1]. (39) 

We choose fi and fi such that Ti < fi < fb < T2. Then again by Theorem [9] 
we have 



term 3 













/' 







S{e{T2 - s))G{S{e{s - Ti))Z^ (ri))n„ dW^(s) 



+ r S{e{T2 - s))G{S{e{s - T,))Z'^{T,))U^ dW{s) 



> 

- 4 



te[o,i] Jo * 

< 3 exp ( ^-^ , and for f 1 - Ti + - small, 

V 64eM2r2(ri-Ti+T2-T2)y 

< exp(--) VxeBH(0,i?) andVee (0, 1]. (40) 
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Let T :^ {Ti = to < ti < ■ ■ ■ < ti = T2} be a partition of [Ti,T2] and set 
A7- :— max{tj_|_i —tj : j = 0, 1, 1}. 

For X e Bh{0, R) and e G (0, 1] define tfie (J^t) -stopping time Tx^e as in equation 
(|57)) . We liave 



term 4 



5(e(r2 - s))G(5(e(s - T,)) Z'jTi))Il^ dWis) 



Ti 



rf2 '-1 



< P<( sup e = 

te[o,i] 



S 

^4' 



- S{e{T2 - t,))G{S{e{t, ~ T,))Z^,{T,))]n,, dW{s) 
In order to apply Theorem |9] to the right hand side of (|4T|) we observe that 

nl l-l 



I E l(t.,t.+d(^)l[o,r. A{s)\\[S{e{T2 - s))G{S{e{s - T{))Zl{T,)) 

Jo 

- SieiT2 - t,))G{S{e{t, - T^))Zl{T,mXL.^^M) d-s 



< 2(m2a2d2 + ^2)(c(Ar))^ 

where 



C(Ar) := sup|||5(ryr)-5(77s)|U(H,if) [(Ti-ri)A(T2-r2),I] 

and |r — s| < A7- and i] G (0, 1 

The number C(^t) goes to as A7- since, by (A2), the family of functions 

{t e [(fi - Ti) A (T2 - f2), 1] ^ S{rjt) e H), 77 e (0, 1]} 
is uniformly equicontinuous in the norm topology. 

We now choose partition T = {Ti — to < ti < ■ ■ ■ < ti — T2} such that A7- 
satisfies 

, , < 

128(Af2A2Z?2+r2)(C(Ar))2 - 
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Then from inequality (PT|) and Theorem 12] we have 



a 



e 



term4<exp Va; e 5^(0, i?) and Ve G (0, 1]. (42) 



Finally we consider term 5. Recall that by definition of the inner product (•, 
in [/i, the bounded linear operator from Ui into U 



k=l 

satisfies n,\ Ju — IlnU Mu & We will use the result 

/ l{c,d]{s)'^°JdW{s)^^{W{d)-W{c)) Pa.e. (43) 

when < c < d < 1 and $ : {VL,Fc) ~^ {L2{Ui, H), Bl2(Ui,h)) is J-c measurable 

and E[\ml^^^j^ j^^] < oo. 

We have for each e G (0, 1] and x £ H 



^^1 // E lfe,t,+i](s)5(e(r2 - t,))G{S{e{t, - T^))Zl{T,))Ii^ dW{s)\ 

= 6^|^5(e(r2-i,))G(5(6(t,-Ti))Z^(ri))ni(W^(i,+i)-iy(i,))| Pa.e. (44) 
< 2mr||ni|U(t,,,t;)e^ sup \W{t)\u,. (45) 

tG[Ti,T2] 



Equality (H^ follows from equality (^5]) . We choose < 6 < 8;j\./r||ni^||j,(„ [j, ' 
then for each e e (0, 1] and each x G Bh{0, R) 

terms = pJ^I ^ l(t^,t^^,](s)5(e(T2 - i,))G(5(e(i, - ri))Z^(Ti))n„ dM/(s)| 



sup e^\W{t)\u, 

tG[Ti,T2] 



by inequality P5|) . 

With b chosen as in the last paragraph, we combine inequalities (1551) j , ([M]) , 
(|ID|) . (gH) and (gn]) to obtain the result of the lemma. | 
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Proposition 17 Let R G (0, oo). Given a > and 6 > there exist b > and 
Co > such that for all x G Bh{0, R) and for all e G (0, eo] we have 







< sup 


e5 f S{eit 


[t6[0,l] 


Jo 



S{eit-s))Giz:,{s))dW{s) 



> (5, sup |eW(t)|;7, < 6 I < exp 

te[o,i] ' V £/ 



Proof. Let d > a. Let n be a natural number. For each fc G {0, 1, . . . , 2" — 1} 

and t G [tn,k,tn^k+i] we have 



, S{e{t-s))GiZ^,is))dWis) 





< 



e^Sieit-t„,k)) I Sie{tn,k-s))GiZ'^{s))dWis) 





65/ S{e{t~s))G(Z^As))dW{s) 



P a.e.. 



It follows that 



sup 

te[o,i] 



e= /*5(e(i-s))G(Z5(s))dW^(s) 



'"''5(e(i„,fc-s))G(Z^(s))dW^(s) 



< Me 2 sup 

0<fe<2"-l 







Me 2 sup 

0</c<2"-l 



S{e{ta,k - s))G(5(6(s - ^„(.s)))Z^(7r„(s))) dWis) 



Sieitn,k - s))G(5(e(s - ^„(s)))Z^(7r„(s))) diy(s) 



+ e 2 sup sup 

0<fc<2"-l tG[t„.fe,t„.fe+i] 



5(e(t-s))G(Z^(s))dW(s) 



P a.e. 



By Lemma [T51 and Lemma [T51 respectively, there exist a natural number hq and 
a positive number eo such that 



1. for all X ^ H and for all e G (0, eo] we have 



P < sup sup 



e^ , 5(e(t-s))G(Z:(s))dTy(s) 



>n<exp(-^ 



2. and for each fc G {1, . . . , 2"" - 1} and for aU x G 5^(0, R) and for aU 
e G (0, eo] we have 



P e 



^(e(i„„,fc-s))G(Z:(s))dW-(s) 
S{e{tn,M - s))G{S{e{s - 7r„„ {s)))Zl{i,^, (s))) 
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Hence for arbitrary 5 > and for all x G Bh{0, R) and for all e £ (0, eo] we have 







1 sup 




[te[04] 


Jo 



£5 S{e{t-s))G{Z^J.s))dW{s) 



> S, sup \e^Wit)\u, <b\ 

t6[0,l] 



< P <i e 2 sup 

0<fe<2"o-l 







P < £2 sup sup 

nt. 



S{e{tno,k-s))G{Z^,is))dW{s) 

s] 



> 



3M 



Sie{t-s))G{Z^,is))dWis) 



> 



+ P <{ e 2 sup 

0<fe<2"0-l 



iiQ.k 



S{e{t^,,k - s))G{S{e{s - 7r„„ (7r„„ (s))) ^1^(5) 



> 



3M' 



sup \e^W{t)\u,<b\ 

t6[0,l] 



< 2"" exp - 



2"0-2 f 
j=0 I 



5(e(t„„,,+i - s))G(5(e(s - t„„,,))Z^(t„„,,)) diy(s) 



> 



3M2(2«o _ 1)^ 



sup \e^Wit)\u, <b}. (48) 
te[o,i] I 



Now we can use Lemma Hn] to choose a suitable b to put in inequality 
which completes the proof. | 

We can now prove Proposition [TT] 

Proof of Proposition [TTl Let K C H he compact. Fix a > and 5 > and 

(f> G i^([0, 1]; C/). For e G (0, 1] and x E K and 6 a positive real number which 
will be specified later, we set 



[ te[o,i] 

As in equation (^01) . define the process 



z4{t)\ > 6, sup 


e^W(t) - J / <p{s)ds 


.a 


te[o,i] 


Jo 


C^i J 



ft 

W'it) :=W{t)- e-^J <j)is)ds Vte[0,l]. 

By [21 Theorem 10.14], (W^^(t))te[o,i] is a Wiener process with respect to filtra- 
tion on probability space (il, J^, P') where 



dP'^{uj) = exp ^ y 



2e 7o 



dPM 
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and P'{W'{1))-'^ = P{W{l))-\ 
For A > set 

M{e, X):=Len: f ■)udW{s)(oj) > 

I Jo £2 

We have 

P{V{e, X, b)) < P{V{e, X, b) D M{e, A)) + P{M{e, A)'=). (49) 
By Theorem |9] we have immediately 







A 


< sup 


/ {^{s),-)udW{s) 


> — 




Jo 


62 



< 3cxp . . (50) 

The rest of the proof involves finding an exponential bound for the first term 
on the right hand side of We have 

P{V{e,x,b)nM{e,X)) 

li7(£,:r,h)n^(e,A)(^)exp J^-e"^^ {(p{s), ■)u dW{s){uj) + \(P{s)\fj ds^ dP'{u) 

< exp (- + ^ f \<l^{s)\lds\ P^ I sup \Xl{t) - zi{t)\ > 5, sup e^W^{t)\u, <h\ . 
By Lemma HOI we have 

Xl{t) = S{et)x + e S{e{t- s))F{es,X'^{s))ds + e^ S{e{t - s))G{X'^{s)) dW (s) 
Jo Jo 

+ [ S{e{t- s))G{X'^is))(l){s)ds V< G [0, 1] P a.e.. 

Jo 

Recall that in equation (pij) we defined 

(s, y) := eF(es, y) + G{y)<j>{s) V(s, y) G [0, f ] x H. 
Thus iX^{t) : (17, J"f,P^) (iJ, Sij))4g[o,i] is the solution of the equation 

dX'{t) ^ {eAX'{t)+F,{t,X'{t)))dt + eiG{X'{t))dW'{t) t E {0,1] 
X'{0) = X. 

(52) 

Let {Z^{t) : {^l,Ft,P) {H,BH))te[o,i] be the solution of the equation 

dZ^it) = {eAZ^{t)+F^(t,Z'{t)))dt + eiGiZ'{t))dW{t) t G (0, 1] 
Z'{0) = X. 

(53) 

27 



By Proposition [TOl we have the equahty of the distributions on (C([0,l];i? ® 

Ul),Bc{[OA]:H(BUi))- 

here trajectory- valued random variables are defined as in equation (pT|) . Thus 
we have 



sup \Xl{t) - zt{t)\ > S, sup e^\W^it)\u, < b 
[te[o,i] te[o,i] J 

= pj sup ><5, sup e^\Wit)\u,<b\ 
[te[o,i] te[o,i] J 

We have the inequality 

sup \ZUt) ~ zt{t)\^ 

t£[0,l] 



(54) 



< 6 



sup \Sir)x - + eM^iJ^ ly^s) ds) (1 + |4(s)|)2 ds 

re[0,c] 

^sup{\\{S{r)~lH)G{zt{s))\\L,(u,H) ■■ se[0,l] andre [0,e]}^ / \Hs% ds 

2' 



sup 

re[0,l] 



Sieir~s))GiZ',{s))dW{s) 



P a.e. 



which is obtained in the same way as inequality (|23p . Then, since K is compact, 
there exists ei > such that for all x E K and for all e E (0, ei] we have 



P{ sup \Z'^it)^ zt{t)\>S, sup e5|T4/(t)|c,^ < 6 
|te[04] te[o,i] 



:5 / 5(e(r-s))G(Z^,(s))dTy(s) 







sup 




(re [0,1] 





> - , sup e^\w{t)\u^ < b 

C tG[0,l] , 

where c := 3 exp(3M2(/^^ i,^{s) ds + \(t){s)\fj ds)). 

Given a > a, by Proposition 1 1 71 there exist positive real numbers b and £2 such 
that for all e S (0, £2] and for all a; € iiT we have 



Pi sup 
I te[o,i] 



/ S{e{t~s))G{Z^As))dW{s) 
Jo 

Thus for all a; e if and for all e g (0, ei A 62] we have 



> - , sup \e^W{t)\u, < 6 ^ < exp 
c tg[o,i] I 



P<^ sup \Z:^it) - ztit)\ > 6 , sup |eW(i)|[/, < 6 < exp 
|ie[o,i] te[o,i] I 



(55) 



a 
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Now from inequalities ([FT]) and (|54l) and ([55)) we have for all a; G iiT and for all 
ee (0,ei Aez]: 

P(2?(e, X, 6) nM{e, A)) < exp |^ AlULm^^ j . (55) 
By firstly choosing A such that „i , . . — h ln3 < —a and then choosing a 

Jo l^v^-^ I (7 

such that A + i ds — a < —a, we see, on combining inequalities 

(|50|) and (|56]) . that the proof is complete. | 

8 Concluding remarks 

By modifying Peszat's methods for the small noise asymptotics problem, we 
have obtained a large deviation principle describing the small time asymptotics 
of the continuous H- valued trajectories of the solution of equation ([1]). Peszat 
actually considered the situation where a Banach space E is embedded in H 
and S{t){H) C E for each t > and the restriction of {S{t))t>o to E gives 
a strongly continuous semigroup on E. When the Banach space E is different 
from H, Peszat's methods for small noise asymptotics in the space of continuous 
E'-valued functions, C{[0,1]; E), cannot easily be adapted to give small time 
asymptotics results in C([0, 1]; E). For example, when working in C([0, 1]; E), 
K in Theorem [To] is defined with the operator norm |j • \\l(h,e) in place of || • 
\\l{h,h) ^n*^' since we consider stochastic convolutions of semigroups {S{et))t>o 
depending on e, k may depend on e in a troublesome way. 

9 Appendix 

Some results which we used in the main text are placed here to avoid cluttering 
the path leading to the proofs of the theorems. 

Let Hilbert spaces H, U and Ui be as defined in Section [2] 

Let T G (0, 00). Let (fi, J", P) be a probability space. Let {J^t)t>o be a filtration 
of sub CT- algebras of J- such that all sets in of P measure zero are in 
and let {W{t) : {il,J^t,P) ^ {Ui,Bui))t>o be a C/i-valued (J"t)-Wiener process 
such that C{W{1)) has reproducing kernel Hilbert space U. Let {S{t))t>o be 
a strongly continuous semigroup of bounded linear operators on H. Let the 
function F : ([0,T] x H,B[q^t] <^ Bh) — > {H,Bh) be measurable and suppose 
there is a function 6 e i^([0,T];R) such that 

\F{t,x) - F{t,y)\ < e{t)\x-y\ Vt G [0, T] and Vx, y G iJ and (57) 
\F{t,x)\ < 6'(i)(l + |.t|) Vt G [0,r] andVxG iJ. (58) 

Let G : H ^ L2{U, H) be Lipschitz continuous. Let x E H. 
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Theorem 18 (Existence, uniqueness and continuity of solutions) There 
exists a {Tt) -predictable process (X(i))tg[o yj, unique up to equivalence among 
processes satisfying 

P{[ \X{t)\^dt< 00} = 1, 
Jo 

such that 

Xit)^Sit)x+ f S{t-s)F{s,X{s))ds+ f Sit-s)GiX{s))dW{s) P a.e. 
Jo Jo 

(59) 

for each t € [0, T]. Moreover it has a continuous version and supj^jg j^j i?[|X(i)|^] 
is finite for each p G [2, 00). 

The proof of this theorem is omitted as it is almost identical to the proof of [21 
Theorem 7.4]. 

Let P' be another probability measure on the cr- algebra of subsets of il. 
Let {Qt)t>o be a filtration of sub tr-algebras of T such that all sets in T of P' 
measure zero are in Qq. Let {V{t) : {Q,Qt,P') — > (Ui, Buj^))t>o be a C/i-valued 
(^?t)-Wiener process such that C(y{l)) = C{W{1)). 

Suppose that {X{t))tfz[o^T] is the continuous (J^t)-predictable process in Theo- 
rem[T51and suppose that (y(t))tG[o,T] is the continuous (^t)-predictable process 
satisfying 

Y{t)^S{t)x+ [ S{t-s)F{s,Y{s))ds+ j S{t - s)G{Y {s)) dV {s) P' a.e. 
Jo Jo 

(60) 

for each t G [0,T]. Let H (BUi denote the Hilbert space H x Ui with compo- 
nentwise addition and scalar multiplication and inner product 

{{xi,yi), {x2,y2))H®Ui ■= {xi,X2) + {yi,y2)ui yxi,X2 e H and V?/i,y2 € Ui. 

The trajectory-valued random variable (X, W) : (17, F, P) C([0, T]\H® Ui) 
is defined by 

{X,W){u:):^te[Q,T]^ {X{t){uj),W{t){uj)) Vo; G (61) 
and (y, V) : {n,F, P') C([0, T]; H (S Ui) is defined analogously 

Proposition 19 The trajectory-valued random variables [X, W) and (1", V) 
have the same distribution. 

Scheme of the proof. This result is a byproduct of the proof of Theorem [T8l 
The existence of the processes {X{t))t^]fi T] and (i^(i))te[o.T] appearing in equa- 
tions (j59p and (|60p . respectively, is established using contraction maps on suit- 
able Banach spaces of p-integrable processes, where 2 < p < 00 (see [31 Theorem 
7.4]). We define processes Xa{t) = x and Ya{t) = x for all t € [0,T]. Clearly 
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C{Xo,W) = L{Yo,V). For each m e N let {X^{t))t^[o,T] and (y„»W)te[o,T] be 
the mth iterates of the respective contraction maps. One can show by induction 
that C{XrmW) = CiYm.V) for ah non-negative integers m and from this and 
convergence to the fixed points we get C{X, W) — CiY, V). 

We conclude this appendix with a useful result which is not entirely obvious. 
It shows the relationship between Ito integrals with respect to two Wiener 
processes defined on related probability spaces. Let 4> S ^^([0, 1];C/) and let 
e G (0,1]. Define the probability measure P*^ on as in equation (^11) 

and define the Wiener process (W^'^(i))t6[o,i] on probability space (fi, J", P*^) 
as in equation (PD)) . In the following lemma Vi denotes the (J^t)-predictable 
(T-algebra of subsets of [0, 1] x fi. 

Lemma 20 Let $ : ([0,1] x Vt.Vi) {L2{U, H), Bl.^(u^h)) be a measurable 
function such that for some positive real number C 



Scheme of the proof. The result of the lemma is immediate if $ is an elemen- 
tary process. The result for a bounded function $ is obtained by approximating 
$ in L^([0, 1] X Q,Vi,dt X dP; L2{U, H)) with a uniformly bounded sequence of 
elementary processes. For general $, we do approximation with a sequence of 
bounded functions obtained by truncating $. 
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